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Quasi Ornstein-Uhlenbeck processes 
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The question of existence and properties of stationary solutions to Langevin equations driven by 
noise processes with stationary increments is discussed, with particular focus on noise processes 
of pseudo-moving-average type. On account of the Wold-Karhunen decomposition theorem, 
such solutions are, in principle, representable as a moving average (plus a drift-like term) but 
the kernel in the moving average is generally not available in explicit form. A class of cases is 
determined where an explicit expression of the kernel can be given, and this is used to obtain 
information on the asymptotic behavior of the associated autocorrelation functions, both for 
small and large lags. Applications to Gaussian- and Levy-driven fractional Ornstein-Uhlenbeck 
processes are presented. A Fubini theorem for Levy bases is established as an element in the 
derivations. 

Keywords: fractional Ornstein-Uhlenbeck processes; Fubini theorem for Levy bases; Langevin 
equations; stationary processes 

1. Introduction 

This paper studies the existence and properties of stationary solutions to Langevin equa- 
tions driven by a noise process N with, in general, stationary dependent increments. We 
shall refer to such solutions as quasi Ornstein-Uhlenbeck (QOU) processes. Of particular 
interest are the cases where the noise process is of the pseudo-moving-average (PMA) 
type. In wide generality, the stationary solutions can, in principle, be written in the form 
of a Wold-Karhunen-type representation, but it is relatively rare that an explicit expres- 
sion for the kernel of such a representation can be given. When this is possible it often 
provides a more direct and simpler access to the character and properties of the process; 
for instance, concerning the autocovariance function. 

This will be demonstrated in applications to the case where the noise process N is 
of the pseudo-moving-average kind, including fractional Brownian motion and, more 
generally, fractional Levy motions. Of some particular interest for turbulence theory is 
the large and small lags limit behavior of the autocovariance function of the Ornstein- 
Uhlenbeck-type process driven by fractional Brownian motion, which has been proposed 
as a representation of homogeneous Eulerian turbulent velocities; see Shao [37]. 
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The fractional Brownian and Levy motions are not of the semimartingale type. Another 
non-semimartingale case covered is N t = J x B^m^dx), where the processes B^ are 
Brownian motions in different nitrations and m is a measure on some space X . 

In recent applications of stochastics, particularly in finance and in turbulence, mod- 
ifications of classic noise processes by time change or by volatility modifications are of 
central importance; see Barndorff-Nielsen and Shcphard [4] and Barndorff-Niclsen and 
Shiryaev [5] and references given therein. Prominent examples of such processes are 
dN t = at dB t , where B is Brownian motion and a > is a predictable stationary process 

- for instance, the square root of a superposition of inverse Gaussian Ornstein-Uhlenbeck 
processes (cf. Barndorff-Nielsen and Shephard [3] and Barndorff-Nielsen and Stelzer [6]) 

- and N t = Lx t , where L is a Levy process and T is a time change process with stationary 
increments (cf. Carr et al. [13]). The theory discussed in the present paper applies also 
to processes of this type. 

The structure of the paper is as follows. Section 2 defines the concept of QOU pro- 
cesses and provides conditions for existence and uniqueness of stationary solutions to 
the Langevin equation. The form of the autocovariance function of the solutions is given 
and its asymptotic behavior for t — > oo is discussed. As an intermediate step, a Fubini 
theorem for Levy bases is established in Section 3. In Section 4 explicit forms of Wold- 
Karhunen representations are derived and used to analyze the asymptotics, under more 
specialized assumptions, of the autocovariance functions, both for t — > oo and for t — >• 0. 
The Appendix establishes an auxiliary continuity result of a technical nature. 

2. Langevin equations and QOU processes 

Let N = (N t )teR be a measurable process with stationary increments and let A > be 
a positive number. By a QOU process X driven by N and with parameter A, we mean 
a stationary solution to the Langevin equation dX t = —XX t dt + dN t , that is, X = (X t )t£R 
is a stationary process that satisfies 

X t = X -\ [ X s ds + N t , teR, (2.1) 
Jo 

where the integral is a pathwise Lebesgue integral. For all a < b we use the notation 
:= — j\ Recall that a process Z = (Z f ) t6 R is measurable if (t, u) H> Z t (uj) is (fi(R)® T, 
S(K))-measurable, and that Z has stationary increments if, for all s G R, (Z t — Zo)tgR 
has the same finite distributions as {Z t + S — Z s ) t ^- For p > we will say that a process Z 
has finite p moments if E[|Z t | p ] < oo for all ieR. Moreover, for t — > or oo, we will write 
/(*) ~ 9®, fit) = o(9(t)) or f(t) - 0(g(t)), provided that f(t)/g(t) -> 1, f(t)/g(t) ^ 
or limsup t \f(t)/g(t) \ < oo, respectively. For each process Z with finite second moments, 
let V z(t) = Ndx(Zt) denote its variance function. When Z, in addition, is stationary, let 
Rz(i) = Cov(Z t , Zq) denote its autocovariance function and Rx(*) = Rx(0) — Rx(£) = 
^E[(AT t — Xq) 2 } its complementary autocovariance function. 

Before discussing the general setting further, we recall some well-known cases. The 
stationary solution X to (2.1) when N t = /J,t + aB t (with B the Brownian motion) is the 
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Gaussian Ornstein-Uhlenbeck process, /u/A is the mean level, A is the speed of reversion 
and a is the volatility. When N is a Levy process, the corresponding QOU process, X, 
exists if and only if E[log + \Ni |] < oo or, cquivalently, if and only if Jru^u 1°§ M^dx) < 
oo, where v is the Levy measure of N; see Sato and Yamazato [36] or Wolfe [39]. In this 
case X is called an Ornstein-Uhlenbeck-type process; for applications of such processes 
in financial economics, see Barndorff- Nielsen and Shephard [3, 4]. 



2.1. Existence and uniqueness of QOU processes 

The first result below shows the existence and uniqueness for the stationary solution X to 
the Langevin equation dX t = ~\X t dt + dN t in the case where the noise N is integrable. 
That is, we show existence and uniqueness of QOU processes X. Moreover, we provide 
an explicit form of the solution that is used to calculate the mean and variance of X. 

Theorem 2.1. Let N be a measurable process with stationary increments and finite first 
moments, and let A > be a positive real number. Then, X = (X t ) t i£R, given by 

X t = N t - \e~ xt I e Xs N s ds, t e K, (2.2) 

is a QOU process driven by N with parameter A (the integral is a pathwise Lebesgue inte- 
gral). Furthermore, any other QOU process driven by N and with parameter A equals X 
in law. Finally, if N has finite p moments, p>l, then X also has finite p moments and 
is continuous in LP . 



Remark 2.2. It is an open problem to relax the integrability of N in Theorem 2.1; 
that is, is it enough that N has finite log moments? Recall that when N is a Levy 
process, finite log moments is a necessary and sufficient condition for the existence of the 
corresponding Ornstcin-Uhlcnbcck-type process. 

Proof of Theorem 2.1. Existence: Let p > 1 and assume that N has finite p moments. 
Choose a, (3 > 0, according to Corollary A. 3, such that ||-/V t || p < a + f3\t\ for all tgR. By 
Jensen's inequality, 



E 



''\N s \ds 



< (c At /A) 



\p-i 



5 E[|7V s Hd S 



< (e At /A) p - 1 



{a + p\s\) p ds<oo, 



which shows that the integral in (2.2) exists almost surely as a Lebesgue integral and 
that X t , given by (2.2), is p-integrable. Using substitution we obtain from (2.2), 



X, = X 



e Xu (N t -N t+u )du, 



(2.3) 
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By Corollary A. 3, N is L p -continuous and, therefore, it follows that the right-hand 
side of (2.3) exists as a limit of Riemann sums in LP . Hence the stationarity of the 
increments of N implies that X is stationary. Moreover, using integration by parts on 
t>-¥ J^ oo e As A r s (w)ds, we get 

X s ds = e _Ai [ c Xs N s ds- [ e Xs N s ds, 



which shows that X satisfies (2.1), and hence X is a QOU process driven by N with 
parameter A. 

Since X is a measurable process with stationary increments and finite p moments, 
Proposition A. 3 shows that it is continuous in LP . 

To show uniqueness in law, let Y be a QOU process driven by N with parameter 
A > 0, that is, Y is a stationary process that satisfies (2.1). For all to € R we have, with 
Z t =N t -N to +Y to , that 

Y t = Z t -X f Y s ds, t>t . (2.4) 
Solving (2.4) pathwise, it follows that for all t>to, 

-Xt I n Xs i 



Y t =Z t -\e~ M / e AS Z s ds 

J t 

= N t - Ae" A * / e Xs N s ds + (Y ta - N to )e- x ^- to K 

J t 

Note that lim t ^ oo (Y t0 - N to )e~ x ^~ to ^ = a.s., thus for all n > 1 and to < h < ■ ■ ■ < t n , the 
stationarity of Y implies that for k —> oo, (Yt i -\-k)f_ 1 => (^t<)?=i (f° r au random vectors, 
denotes convergence in distribution). Therefore, as k — > oo, 

rti+k \n 

N ti+k - Ae- A (*' +fc ) / e Xs N s ds => (Y u )f =1 . 

J t / 1=1 

This shows that the distribution of Y only depends on N and A, and completes the 
proof. □ 

Proposition 2.1 in Surgailis et al. [38] and Proposition 2.1 in Maejima and Yamamoto 
[23] provide existence results for stationary solutions to Langevin equations. However, 
these results do not cover Theorem 2.1. The first result considers only Bochner-type 
integrals and the second result requires, in particular, that the sample paths of N are 
Riemann intcgrablc. 

Let B = (Bt)teR denote an J-"-Brownian motion indexed by R and a = (<Tt)teR be 
a predictable process; that is, a is measurable with respect to 



3 g = o-((s,t] x A: s,teR,s <t 7 AeJ 7 s ). 
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Assume that, for all u £ R, (at, B t )tem has the same finite-dimensional distributions as 
(a t+Ul B t+u - B u )t e R and that a e L' 2 . Then N, given by 

N t = [ <r s dB s , teR, (2.5) 
Jo 

is a well-defined continuous process with stationary increments and finite second mo- 
ments. (Recall that for t < 0, f£ := — f t .) 

Corollary 2.3. Let N be given by (2.5). Then, there exists a unique-in-law QOU process 
X driven by N with parameter A > 0, and X is given by 



X, 



: f c~ x{t ~ s) a s dB s , teR. (2.6) 

J — oo 



Proof. Since TV is a measurable process with finite second moments, it follows by The- 
orem 2.1 that there exists a unique-in-law QOU process X, and it is given by 



X t =N t - Xc~ xt f c Xs N s ds = A f c As (iV t - N t+S )ds 

J — - oo J — OO 

= A J (J l (t+M] (u)c Xs a u dBu^j ds. 



(2.7) 



By an extension of Protter [29], Chapter IV, Theorem 65, from finite intervals to infinite 
intervals we may switch the order of integration in (2.7) and hence we obtain (2.6). □ 



Let us conclude this section with formulas for the mean and variance of a QOU pro- 
cess X. In the rest of this section, let TV be a measurable process with stationary incre- 
ments and finite first moments and let X be a QOU process driven by N with parameter 
A > (which exists by Theorem 2.1). Since X is unique in law, it makes sense to consider 
the mean and variance function of X. Let us assume for simplicity that Nq = a.s. The 
following proposition gives the mean and variance of X. 



Proposition 2.4. Let N and X be given as above. Then, 

E[X ] = -^ and Var(X ) = - c- Xs V N (s)ds. 
A 2 J Q 

In the part concerning the variance of Xq, we assume that N has finite second moments. 



Note that Proposition 2.4 shows that the variance of Xq is A/2 times the Laplace 
transform of Vat. In particular, if N t = fit + crB^ , where B H is a fractional Brownian 
motion (fBm) of index H £ (0, 1) (see [11] or [27] for properties of the fBm), then E[iVi] = 
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H and Vtv(s) = a 2 |s| 2ff and hence, by Proposition 2.4, we have that 

mo] = j and Var(X )^ g2r ^ 2 + g 2g) . (2.8) 

For H = l/2, (2.8) is well known, and in this case Var(AT ) = er 2 /(2A). 

Before proving Proposition 2.4, let us note that E[N t ] = E[Ni]t for all t G K. Indeed, 
this follows by the continuity oit>-> E[iV t ] (see Corollary A. 3) and the stationarity of the 
increments of N. 



Proof of Proposition 2.4. Recall that, by Corollary A. 3, we have that E[|iV t |] <a + [3\t\ 
for some a,j3 > 0. Hence, by (2.2) and Fubini's theorem, we have that 



E[X ] = E 



-A / e Xs N„ds 



= -A 



e As E[iV s ] ds 



r° 

i) / e As sds = E[iVi]/A. 

J —OO 



-XE[N- 



This shows the part concerning the mean of Xq- 

To show the last part, assume that N has finite second moments. By using E[ATo] 
E[A^i]/A, (2.2) shows that, with N t := N t - E[Ni]t, we have 



Var(X ) = E[(X -E[A ]) 2 ]=E 



o 

A / e As A> s ds 

— oo 



Since 1 1 -ZV* 1 1 2 < a + j3\t\ for some a,j3 > by Corollary A. 3, Fubini's theorem shows 

r rO 



Var(Xo) = A 



(e As e Au E[N s N u ])dsdu, 



00 j — 00 



and since E[N S N U ] = |[Vjv(s) + Vn{u) — Vn(s — u)], we have 



Var(ATo) 



2 r o r o 



(c As c Au (V N (s)+V N (u)~V N (s-u)))dsdu 



— OQ<J—OQ 



2 r o 



Moreover, 

a 2 r° 
2 /_« 

A 2 



e As V JV (s)ds-^ 
-00 ^ 

' \ 
e A(s+tl) Vjv(s)ds jdu 

f(-a)A0 

Vjv(s)e As f / e 2Au du)d 



e A ( s + u )Vjv(s)ds J du 



(2.9) 
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y N (s)e Xs ( f e 2Xu du]ds+ rV N {s)e Xs ( f * c 2Xu du] ds 



2 

A ( 
4 

A 
2 



o 



Xj \J — oo / J 

/>oo 

VAr(s)c As ds+ / VAr(s)e As (e- 2As )ds 

oo 

) 

e- Xs V N (s)ds, 

which, by (2.9), gives the expression for the variance of Xq. □ 

2.2. Asymptotic behavior of the autocovariance function 

The next result shows that the autocovariance function of a QOU process X driven by N 
with parameter A has the same asymptotic behavior at infinity as the second derivative 
of the variance function of N divided by 2A 2 . 

Proposition 2.5. Let N be a measurable process with stationary increments, Nq = 
a.s., and finite second moments. Let X be a QOU process driven by N with parameter 
A>0. 

(i) Assume that Vn is three times continuous differentiable in a neighborhood of oo, 
andfort^oo we have that V%(t) = 0(^ x / 2 ^), e" A * = o(V^(i)) and V$(t) = o(V^(i)). 
Then, for t — s> oo, we have Rx{t) ~ (2^)^n(^)- 

(ii) Assume for t — > that t 2 = o(Vjv(i)), then, for t — > 0, we have Kx(t) ~ ^Vjv(i)- 
More generally, let p > 1 and assume that N has finite p moments and t = o(||-/V t ||p) as 
t->0. Then, fort-tO, we have \\X t - X \\ p ~ \\N t \\ p . 

Note that by Proposition 2.5(h) the short-term asymptotic behavior of Ra" is not 
influenced by A. 

Proof of Proposition 2.5. (i) Let j3 > and assume that Vat is three times continuous 
differentiable on (/?, oo); that is, Vjv £ C 3 ((/3, oo);R). Let to = fl+ 1, and let us show that 
for t>to and t — > oo , 

-At ft At poo 



Rx{t) = ^\J t e vMdu+ 4Ay t e v M d «+°( e )• ( 2 - 10 ) 

If we have shown (2.10), then, by using that e~ A * = o(V^(i)), V$(*) = o(V^(t)) and 
l'Hopital's rule, (i) follows. 

Similar to the proof of Proposition 2.4, let N t = N t - E[Ni]t. To show (2.10), recall 
that by Corollary A. 3 we have [ | -ZV^ | [ 2 < a + f3\t\ for some a.,/3 > 0. Hence, by (2.2) and 
Fubini's theorem, we find that 

R x {t)=E[(X t -E[X t })(X Q -E[X })}=g(t)-\e- xt j e Xs g(s)ds, (2.11) 

J — OO 
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,o 

g(t) = -X / e As E[7V s 7V t ] ds, t e R. 

J — oo 

Since E[N s N t ] = |[Vjv(0 + Vjv(s) - V N (s - 1)], we have that 
9(t)=~ [ e Xs \V N (t)+V N (s)-V N (t-s)]ds 



(2.12) 

= -\ (v* (t) ~ Ae A * e- As V w ( S ) ^ ~\ J e Xs V N (s) ds. 

From (2.12) it follows that g G C 1 ((/3,oo);IR) and hence, using partial integration on 
(2.11), we have for t > i , 

Rx(t)=e- Ai | e A V(s)ds + e- At ^e A *° 5 (t ) - A ^° e As 5 (s)d^. (2.13) 

Moreover, from (2.12) and for t > to, we find 



g'(t) = -\ (v' N (t) - A 2 e A * J™ e- Xs V N (s) ds + XV N (t)j . 



(2.14) 



For t — > cx) we have, by assumption, that V^(t) = 0(e^ A ^ 2 ^), and hence V^i) 
0( e (V2)t). Thus, from (2.14) and a double use of partial integration, we obtain that 



At l-oc 

g'(t) = —J e~ Xs V" N (s)ds, t>t . (2.15) 
Using (2.15), Fubini's theorem and that V^(t) = 0(c (A/2)t ), we have for t > t , 
c xs g'(s)ds 



rt 

-At / ,\s J i 



e -At I e A S (£_ I e -A« v » (u 



1 /^As c°° 

i 



e -At / c -An v » (u W / I c 2A Sds ) du 



e -At / e -W« 



tAu 

2 



to 



V^( u )^i-(e 2A ( tA ")-e 2Atn ^ du 



-At /-t At /-oc /„2At /-oo 

' e A n^( M )d M + — / e- A "V^( U )du-c- A * — - / c- A ^Hd U 



4A J t0 " ^ ' 4A J t ' V 4A , t0 

Combining this with (2.13) we obtain (2.10), and the proof of (i) is complete. 
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(ii) Using (2.1) we have for alH > that 

ri 



\\X t -X Q \\ p <\\N t \\ p + \ / \\X s \\ p As=\\N t \\ p + \t\\X \\ p . 
Jo 

On the other hand, 

\\Xt - X \\ p > \\N t \\ p - A / \\X s \\ p ds = \\N t \\ p - Xt\\X \\ P , 
Jo 

which shows that 

1 - A||x " ll 'ra sK p|* £1+A|l ' ¥ " ll W 

A similar inequality is available when t < 0, and hence for t — > we have that \\Xt — 
X \\ p ~ \\N t \\ p if lim*_^o(t/|[JV*|j p ) =0. □ 

When TV is an ffim of index H £ (0, 1), then V N (t) = \t\ 2H , and hence 

V%(t) = 2H(2H- l)t 2H -' 2 , t>0. 

The conditions in Proposition 2.5 are clearly fulfilled and thus we have the following 
corollary. 



Corollary 2.6. Let TV be an fBm of index H £ (0,1), and let X be a QOU process 
driven by N with parameter A > 0. For H £ (0, 1) \ {^} and t oo, we have TLx (t) ~ 
{H{2H- l)/\ 2 )t 2H - 2 . For H e (0,1) andt^O, we have R x (t) - ^\t\ 2H . 

The above result concerning the behavior of Rx for t — > oo when TV is an fBm has 
been obtained previously via a different approach by Cheridito et al. [14], Theorem 2.3. 

A square-integrable stationary process Y = (Y t ) t ^s, is said to have long-range depen- 
dence of order a £ (0, 1) if Ry is regularly varying at oo of index —a. Recall that a func- 
tion /:R — > R is regularly varying at oo of index /3 € R if, for t — >• oo, f(t)~ t^l(t), 
where / is slowly varying, which means that for all a > 0, \im t ^ oo I (at)/ 1 (t) = 1. Many 
empirical observations have shown evidence for long-range dependence in various fields, 
such as finance, telecommunication and hydrology; see Doukhan et al. [18]. Let X be 
a QOU process driven by TV; then Proposition 2.5(i) shows that X has long-range de- 
pendence of order a S (0, 1) if and only if Y'^ is regularly varying at oo of order —a. 
Furthermore, Proposition 4.9(i) below shows how to construct QOUs with long-range 
dependence. More precisely, if A is a QOU driven by N, where N is given by (4.9), 
and for some a € (0, 1) and t ->■ oo, f'{t) - ct {a -^/ 2 , then A has long -range dependence 
of order a. The example f(t) = (S V i) H_1 / 2 , with 6 > and H £ (|, 1) is considered in 
Corollary 4.10 and it follows that the QOU process A has long-range dependence of order 
2 — 2H . Here A is a fractional Ornstcin-Uhlcnbeck process if 5 = 0, and a semimartingalc 
if and only if S > 0. A quite different type of semimartingalc with long-range dependence 
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is obtained for N = a • B with a and B independent and a 2 being a supOU process 
with long-range dependence, cf. Barndorff-Nielsen [1], Barndorff-Nielsen and Stelzer [6] 
and Barndorff-Nielsen and Shcphard [4]. Hence, by considering more general processes 
than the fractional type, we can easily construct stationary processes with long-range 
dependence within the semimartingale framework. 



3. A Fubini theorem for Levy bases 



Let A = {A(A): AeS} denote a centered Levy basis on a non-empty space S equipped 
with a (5-ring S, see Rajput and Rosihski [30]. (A Levy basis is an infinitely divisible, 
independently scattered random measure. Recall also that a <5-ring on S is a family 
of subsets of S that is closed under union, countable intersection and set difference). 
As usual, we assume that S is a-finite, meaning that there exists (5„)„>i C S such 
that U n >i = AH integrals L /(s)A(ds) will be defined in the sense of Rajput and 
Rosihski [30]. We can now find a measurable paramctrization of Levy measures v(du,s) 
on R, a cr-finite measure m on S and a positive measurable function a 2 : S —> R+, such 
that for all A e S, 



ne iyA{A) ] 



■■ exp 



m(ds) 



(3.1) 



-a 2 {s)y 2 /2+ / (e iyu -l-iyu)v(du,s) 
Jr 

see [30]. Let ^ixS^Rbe given by 

<t>(y,s) =y 2 o- 2 {s) + J [{uyfl { \ uy \< 1} + (2\uy\ - l)l { | U2/ | >1} ]i/(dii,s), 
and for all measurable functions g : S — > K define 



|| 5 |U = inf|c>0: y s 0(c- 1 3 ( S ), S )m(d S )<l| g [0,oo]. 

Moreover, let = L^(S,a(S),m) denote the Musielak-Orlicz space of measurable func- 
tions g with 



g( s ya'(s)+ / (\ug(s)\'A\ug(s)\)v(du,s) 



m(ds) < oo, 



equipped with the Luxemburg norm \\g\\$. Note that € L^ 1 if and only if \\g\\$ < oo, 
since (f>(2x, s) < C(j>(x, s) for some C > and all s G 5, x € R. We refer to Musiclak [26] for 
the basic properties of Musielak-Orlicz spaces. When a 2 = and g £ L^, Theorem 2.1 in 
Marcus and Rosihski [24] shows that f s g(s)A(ds) is well defined, integrable and centered 
and 



ciNU<E 



g(s)A(ds) 



<c2\\g\\ 
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and we may choose c\ =1/8 and c<i = 17/8. Hence for general a 1 it is easily seen that for 
all g G L^, f s g(s)A(ds) is well defined, integrable and centered and 



E 



g(s)A(ds) 



<2c 2 || 3 | 



(3.2) 



Let T denote a complete separable metric space, and Y = (Y t ) t ^T be given by 



Y t = / f(t,s)A(ds), t€T, 

for some measurable function /(■, ■) for which the integrals arc well defined. Then we can 
choose a measurable modification of Y. Indeed, the existence of a measurable modification 
of Y is equivalent to measurability of (t G T) i-> (Y t G L°) according to Theorem 3 and the 
remark in Cohn [15]. Hence, since / is measurable, the maps (t G T) i-> (||/(t, •) — <?(')IU 
M) for all g £ are measurable. This shows that (t g R) h> (/(*, ■) G £^) is measurable 
since 1^ is a separable Banach space. Hence by continuity of (f(t, ■) G L^) n- (Y" t G 
see Rajput and Rosihski [30], it follows that (t £ T) h> (y t G L°) is measurable. 

Assume that [i is a er-finite measure on a complete and separable metric space T. 
Then we have the following stochastic Fubini result extending Rosihski [33], Lemma 7.1; 
Perez- Abreu and Rocha-Artcaga [28], Lemma 5; and Basse and Pedersen [9], Lemma 4.9. 
Stochastic Fubini-type results for semimartingales can be founded in Protter [29] and 
Ikeda and Watanabe [19]; however, the assumptions in these results are too strong for 
our purpose. 

Theorem 3.1 (Fubini). Let / :TxSh>1 be an B(T) <S> a (S) -measurable function such 
that 



fx = f(x, ■) G forxeTand / ||/ x ||^(da;) < oo. 

Je 



(3.3) 



Then f(-,s) G i 1 (/i) for m-a.a. s G S and s *— > J T f(x, s)fi(dx) belongs to lr , all of the 
below integrals exist and 



/(x,s)A(ds) U(dx)= / / f(x,s)tx(dx) )A(ds) a.s. (3.4) 

T \JS / JS \Jt 



Remark 3.2. If fx is a finite measure, then the last condition in (3.3) is equivalent to 



f(x,s) 2 a 2 (s)+ / (\uf(x,s)\ 2 A\uf(x,s)\)u(du,s) 



m(ds)/i(dx) < oo. 



We will need Theorem 3.1 to be able to prove Proposition 4.2. That proposition yields, 
in particular, examples for which the conditions of Theorem 3.1 are fulfilled. But before 
proving Theorem 3.1, we will need the following observation. 
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Lemma 3.3. For all measurable functions f :T X S 



have 



|/(x,-)|/x(dx) 



C / T ll/(aV 



bH(dx). 



(3.5) 



Moreover, if f :T x S — >• R is a measurable function such that J T ||/(x, •) ||0/x(dx) < oo, 
i/ien /or m-a.a. s G S 1 , /( - ,s) G L l ([i) and s i— >• J T /(x, s)/i(dx) is a well-defined function 
that belongs to Lr . 



Proof. Let us sketch the proof of (3.5). For / of the form 

/(a: ) s) = X]^( s ) lA i( a: )' 

i=l 

where fc > 1 , g\ , . . . , gk £ and A\ , . . . , are disjoint measurable subsets of T of finite 
/i-measure, (3.5) easily follows. Hence, by a monotone class lemma argument, it is possible 
to show (3.5) for all measurable /. The second statement is a consequence of (3.5). □ 

Recall that if (F, || • ||) is a separable Banach space, fi is a measure on T and 
f:T—±F is a measurable map such that J T ||/(x)||/i(dx) < oo, then the Bochner in- 
tegral B J T /(x)/u(dx) exists in F and ||B J T /(x)/x(dx)|| < J T ||/(x)||/i(dx). Even though 
(L 1 ^, || • H0) is a Banach space, this result does not cover Lemma 3.3. 



Proof of Theorem 3.1. For / of the form 

/(x,s) = ^a l l At (x)l Bi {s), x G T,s G S, 



(3.6) 



where n> 1, Ai, . . . , A n are measurable subsets of T of finite /^-measure, B\, . . . , B n £ S 
and ct\, . . . , a n £ R, the theorem is trivially true. Thus, for a general / as in the theorem, 
choose /„ for n > 1 of the form (3.6) such that J T ||/ n (x, ■) — f(x, -)||0/i(dx) — > 0. Indeed, 
the existence of such a sequence follows by an application of the monotone class lemma. 
Let 



/(x,s)A(ds) M (dx) 



X n = / / /„(x,s)A(ds) U(dx), X 

JE\JS J JE\JS 

and let us show that X is well defined and X n — > X in L 1 . This follows since 



E 



/(x,s)A(ds) 



/i(dx) 



<2c 2 / ||/(x,-)IUA*(dx) <oo 
'e 



and 



E[|X„-X|]<2c 2 / ||/„(x,-)-/(x,-)IUMdx). 

JE 
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Similarly, let 

Y n = J (J /„(x, s)f,(dx)j A(ds), Y ' = J f Q f f(x, s)n(dx)j A(d.s) 

and let us show that Y is well defined and Y n Y in L , By Remark 3.3, s4 
f E f(x,s)fj,(dx) is a well-defined function that belongs to L^, which shows that Y is 
well defined. By (3.2) and (3.5) we have 

E[\Y n -Y\]<2c 2 f \\f n (x,-)-f(x r )\\^(dx), 

J E 

which shows that Y n ^Y in L 1 . We have, therefore, proved (3.4), since Y n = X n a.s., 
X n -> X and Y n -> Y in L 1 . □ 

Let Z = (ZtjteM denote an integrable and centered Levy process with Levy measure v 
and Gaussian component a 2 . Then Z induces a Levy basis A on S = M and S = S&(R), the 
bounded Borel sets, which is uniquely determined by A((a,b]) =Z(, — Z a for all a,6el 
with a < b. In this case m is the Lebesgue measure on R and 

<Mz/, s ) = <t>(y) = 0-2 + / (\ u y\ 2l {\uy\<i} + (2\uy\ - l)l { | ttl/ | > i})i/(du). 

JR 

We will write J" f(s)dZ s instead of J /(s)A(ds). Note that, Lf(s)dZ s exists and is 
integrable if and only if / G L^, that is, 

/ ( f(s) 2 a 2 + [ (\uf(s)\ 2 A \uf(s)\)v(dx))ds < oo. (3.7) 

Moreover, if Z is a symmetric a-stable Levy process, a S (0, 2], then ~ L a (M., A), where 
L a (R,A) is the space of a- integrable functions with respect to the Lebesgue measure A. 



4. Moving average representations 

In wide generality, if A is a continuous-time stationary process, then it is represcntablc, 
in principle, as a moving average (MA), that is, 

X t = I Tp(t-s)dE s , 

J —oo 

where ?p is a deterministic function and S has stationary and orthogonal increments, at 
least in the second-order sense. (For a precise statement, see the beginning of Section 4.1.) 
However, an explicit expression for cj> is seldom available. 
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We show in Section 4.2 that an expression can be found in cases where the process X 
is the stationary solution to a Langevin equation for which the driving noise process iV 
is a PMA, that is, 

N t = f(f(t-s)-f(-s))dZ s , t£R, (4.1) 

JR 

where Z = (Z t )teR is a suitable process specified later on and / : R — ¥ R is a deterministic 
function for which the integrals exist. 

In Section 4.3, continuing the discussion from Section 2.2, we use the MA representation 
to study the asymptotic behavior of the associated autocovariance functions. Section 4.4 
comments on a notable cancellation effect. But first, in Section 4.1 we summarize known 
results concerning Wold-Karhunen-type representations of stationary continuous-time 
processes. 



4.1. Wold— Karhunen-type decompositions 

Let X = (X t )ti£R be a second-order stationary process of mean zero and continuous in 
quadratic mean. Let Fx denote the spectral measure of X, that is, Fx is a finite and 
symmetric measure on R satisfying 



E[X t X u ]= f c^- u)x F x (dx), f,«e: 
Jr 



and let F' x denote the density of the absolutely continuous part of Fx ■ For each t £ R 
let X t = span{A s : s < t}, X-oo = C\tem^t and X^ = span{X s : s £ R} (span denotes 
the L 2 -closure of the linear span). Then X is called deterministic if X-^ = X^ and 
purely non-deterministic if X-^ = {0}. The following result, which is due to Satz 5-6 in 
Karhunen [20] (cf. also Doob [17], Chapter XII, Theorem 5.3), provides a decomposition 
of stationary processes as a sum of a deterministic process and a purely non-deterministic 
process. 

Theorem 4.1 (Karhunen). Let X and Fx be given as above. If 

|10gF - Wl d,<oo, (4.2) 



1 +x 2 

then there exists a unique decomposition of X as 

X t = [ xP(t-s)dZ s + V t , teR, (4.3) 

J — oo 

where tJj : R — > R is a Lebesgue square-integrable deterministic function and S is a process 
with second-order stationary and orthogonal increments, E[|S U — 5 S | 2 ] = \u — s\. Fur- 
thermore, for all t £ R, X t = span{S s — S M : — oo < u < s < t}, and V is a deterministic 
second-order stationary process. 
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Moreover, if Fx is absolutely continuous and (4-2) is satisfied, then V = and hence X 
is a backward MA. Finally, the integral in (4-2) is infinite if and only if X is deterministic. 

The results in Karhunen [20] are formulated for complex-valued processes; however, 
if X is real- valued (as it is in our case), then one can show that all the above processes 
and functions are real- valued as well. Note also that if X is Gaussian, then the process 3 
in (4.3) is a standard Brownian motion. If a is a stationary process with E[ctq] = 1 and B 
is a Brownian motion, then dS s = a s dB s is of the above type. 

A generalization of the classical Wold-Karhunen result to a broad range of non- 
Gaussian, infinitely divisible processes was given in Rosihski [34]. 



4.2. Explicit MA solutions of Langevin equations 

Assume initially that Z is an integrable and centered Levy process, and recall that 
is the space of all measurable functions /:R->I satisfying (3.7). Let /:R — >• R be 
a measurable function such that f(t — ■) — /(— •) 6 for all t S R, and let N be given by 

N t = f(f(t-s)-f(-s))dZ s , ieR. 
Jr 

Proposition 4.2. Let N be given as above. Then there exists a unique-in-law QOU 
process X driven by N with parameter A > 0, and X is an MA of the form 



Xt= / ^ f (t-s)dZ a , ieR, (4.4) 
Jr 

where ipf :R— >■ R belongs to and is given by 

1>f®= f/(i)-Ac~ At f c Xs f( s )d s ), teR. (4.5) 



Proof. Since (i, s) i-> f(t — s) — /(— s) is measurable we may choose a measurable mod- 
ification of N - see Section 3 - and hence, by Theorem 2.1, there exists a unique-in-law 
QOU process X driven by N with parameter A. For fixed t € R, we have by (2.2) and 
with h u (s) = f(t — s) — f(t + u — s) for all u, s G R and /z(du) = l{ u <o}e Au du that 



o 

Xu 



X t = \ e Au (N t ~N t+u )du= [ h u {s)dZ s Wdu) 



— oo 



By Theorem A.l there exist a, (3 > such that ||/i«||^> < a + /3\t\ for all implying 
that J R ||/i u ||0^t(dw) < oo. By Theorem 3.1, (u H> h u (s)) £ L 1 ^) for Lebesgue almost all 

s e M, which implies that f_ \f(u)\e Xu du < oo for all t > 0, and hence ipf, defined 
in (4.5), is a well-defined function. Moreover, by Theorem 3.1, ipf £ L^(R, A) and 

X t = [ ( [ h(u,s) f i(du))dZ s = [ i> f (t-s)dZ s , ieR, 

JR\J~oo J JR 
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which completes the proof. □ 

Note that for / = 1r + , we have N t = Z t and ijjf(t) = c ~ At lR + (0- Thus, in this case 
we recover the well-known result that the QOU process X driven by Z with parameter 
A > is an MA of the form X t = f*^ c -Kt-s) dz ^ 

Let us use the notation x + :~ x^{x>o}, an d let ch be given by 

_ y/2Hsm(nH)T(2H) 
CH ~ T(H + 1/2) ' 

A PMA N of the form (4.1), where Z is an a-stable Levy process with a G (0, 2] and / is 
given by t 1— > Cat*? , is called a linear fractional a-stable motion of index H G (0, 1); 
see Samorodnitsky and Taqqu [35]. Moreover, PMAs with f(t) = t a for a G (0, ^) and 
where Z is a square-integrable and centered Levy process are called fractional Levy 
processes in Marquardt [25]; these processes provide examples of / and Z for which 
Proposition 4.2 applies. Moreover, [25], Theorems 6.2 and 6.3, studies MAs driven by 
fractional Levy processes, which in some cases also have a representation of the form (4.4). 

Corollary 4.3. Let a G (1,2] and N be a linear fractional a-stable motion of index 
H G (0, 1). Then there exists a unique-in-law QOU process X driven by N with parameter 
A > 0, and X is an MA of the form 

X t = f ^ aM (t-s)dZ s , teR, 

J — oo 

where ip at H - — ► K is given by 

1pa,H(t) = C H (V- 1 /" - Ac~ A * J C^u"- 1 / 01 duV t> 0. 

For t — > oo, we have ip a H (t) ~ (c H (H - l/a)/\)t H ~ 1 / a ~ 1 , and for t 0, ~ 
CHt"- 1 '*. 

Remark 4-4- A QOU process driven by a linear fractional a-stable motion is called 
a fractional Ornstein-Uhlenbeck process. In Maejima and Yamamoto [23], the existence 
of the fractional Ornstein-Uhlenbeck process is shown in the case where a > 1 and 1/a < 
H < 1. (The case H = 1/a is trivial since X = N.) The existence in the case H G (0, 1/a) 
(see Corollary 4.3) is somewhat unexpected due to the fact that the sample paths of the 
linear fractional a-stable motion are unbounded on each compact interval; cf. page 4 in 
Maejima and Yamamoto [23], where non-existence is surmised. In the case a = 2 (i.e., N 
is a fractional Brownian motion), Cheridito et al. [14] show the existence of the fractional 
Ornstein-Uhlenbeck process. 

In the next lemma we will show a special property of tpf, given by (4.5); namely that 
J °° i)j{s) ds = whenever this integral is well defined and / tends to zero at oo. This 



932 



O.E. Barndorff-Nielsen and A. Basse-O'Connor 



property has a great impact on the behavior of the autocovariance function of QOU 
processes. We will return to this point in Section 4.4. 

Lemma 4.5. Let /:R— s> M be a locally integrable function that is zero on (— oo,0) and 
limt-Kx, /(i) =0. Then, lim^oo J ipf (s) ds = . 

Proof. For t > 0, 

/ Ae^ As jf e Au /(u) du^) ds = J (j Ae~ As ds^j e A "/(u) dw 

t 

Ai / ~\u . 



/(u)du-e" At / e Au /(w)dw, 
and hence, by using that lim t _ >00 f(t) = 0, we obtain that 



lim / tjjf(s)ds= lim 



C -At I c A M/ ( u ) du = Q 



□ 



Proposition 4.2 carries over to a much more general setting. For example, if N is of 
the form 



N t = [f(t -s,x)-f (-s,x)]A(ds,dx), tGR, 

JRxV 

where A is a centered Levy basis on K x V (V is a non-empty space) with control measure 
m(ds, dx) = dsn(dx); a(s, x), <r 2 (s, x) and z/(du, (s, x)), from (3.1), do not depend on 
s G M; and /(t -•,•)- /(—,•) G ^ for all t £ R, then, using Theorems A.l, 2.1 and 
3.1, the arguments from Proposition 4.2 show that there exists a unique-in-law QOU 
process X driven by TV with parameter A > 0, and X is given by 



X t = I ip f (t-s,x)A(ds,dx), teR, 

JRxV 



where 



iP f (s,x) = f{s,x)-\e- Xs f f(u,x)e Xu du, seR,xeV. 

J —oo 

We recover Proposition 4.2 when V = {0} and n = Sq is the Dirac delta measure at 0. 



4.3. Asymptotic behavior of the autocovariance function 

The representation, from the previous section, of QOU processes as MAs enables us 
to handle the autocovariance function analytically. In Section 4.3.1 we discuss how the 
tail behavior of the kernel ip of a general MA process determines that of the covariance 
function. By use of those results, Section 4.3.2 relates the asymptotic behavior of the 
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kernel of the noise N to the asymptotic behavior of the autocovariance function of the 
QOU process X driven by N, both for t — > and t — > oo. 

4.3.1. Autocovariance function of general MAs 

Let ip be a Lebesgue square-integrable function and Z be a centered process with sta- 
tionary and orthogonal increments. Assume for simplicity that Zq = a.s. and ~Vz(t) = t. 
Let X = ip * Z = (J_ ip(t — s)dZ s ) t £K be a backward MA; Rx be its autocovariance 
function, that is 



and Rx(t) = Rx(0) — Rx(*) = |E[(A t - A ) 2 ]. The behavior of Rx at or 00 corresponds 
in large extent to the behavior of the kernel ip at or 00, respectively. 

Indeed, we have the following result, in which fc Q and j a are constants given by 

k a = r(l + a)r(-l - 2a)r(-a) _1 , a G (-1, -1/2), 

j Q = (2a+l)sin(7t(a + l/2))r(2a+l)r(a+l)- 2 , o € (-1/2, 1/2). 

Proposition 4.6. Lei ifte setting be as described above. 

(i) For i — 00 and a E (— 1, — 2); V'C) ~ C ^ Q implies Rx(t) ~ (c 2 fc Q )t 2a+1 , provided 
IV'WI — c i^" / or o,ll t> and some c\ > 0. 

(ii) For t 00 and a G (— 00, — 1), ^(t) ~ ci Q implies Rx(t)/t a ^ cf^° ip(s)ds, and 
hence Rx{t) ~ (c J °° '(/'(s) ds)i Q , provided J °° -0( s ) ds 7^ 0. 

(iii) For i -> and a G (-i, |), ~ ci Q imp/ies R x (t) ~ (c 2 j Q /2)|t| 2Q+1 , provided 
ip is absolutely continuous on (0, 00) with density ip' satisfying \ip'(t)\ < C2t a ~ 1 for all 
t>0 and some ci > 0. 

Proof, (i) Let a G (—1, —5) and assume that ?/;(£) ~ ci" as t — >• 00 and [V'W — c i^" f° r 
i > 0. Then 






(4.6) 





as t — > 00. 



Since 
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(4.6) shows that R x (t) ~ (c 2 k a )t 2a+1 for £ -> oo. 

(ii) Let a G (—00, —1) and assume that ip(t) ~ c£" for £ — > 00. Note that ^1 G L 1 (M-)_, A) 
and for some if>0we have for all i > K and s > that \ip(t + s)\/t a < 2\c\(t + s) a / t a < 
2 1 c I . Hence, by applying Lebesgue's dominated convergence theorem, we obtain 



for £ — > 00. 



R x (t) = e £ f tttf) ^ ds ~ t a cj™ m ds 

(iii) By letting 

+ 1)) - 

/t(s):= — , i>0,sel, 

we have 

E[(X t -X ) 2 ]=£ f[^(t(s + l))-^(ts)} 2 ds = t 2a+1 J \ft( S )\ 2 ds. (4.7) 
As t — !- 0, we find 

/t(s) = y+y (s + 1)« _ £M a « _> c((s + 1)« - 4) . 

^ v ; (£(s + l)) aV ; (£s) a u ;+ + ' 

Choose S > such that |^(x)| < 2x Q for x G (0,<5). By our assumptions we have for all 
s > 8 that 



\ft(s)\=t- 



m+s) 



/.s 



<r a+1 sup W(u)\ 

ue[st,t(s+i)] 



<c 2 £-" +1 sup |u| a - 1 = p a *~ oH " 1 |*sr~ 1 =02« a ~ 1 , 
ue[«*,t(«+i)] 

and for s G [—1, 5), |/f (s)| < 2c[(l + s) Q + s"]. This shows that there exists a function 17 G 
L 2 (R + , A) such that |/ t | < g for all £ > 0, and thus, by Lebesgue's dominated convergence 
theorem, we have 



\f t {s)Y ds^c'J ((s + 1)1 - s a + r ds = c'j a . (4.8) 

Together with (4.7), (4.8) shows that R x (£) - (c 2 j a /2)t 2a+1 for t->0. □ 

Remark ^.7. It would be of interest to obtain a general result covering Proposi- 
tion 4.6(h) in the case J °° tp(s) ds = 0. Recall that tpf, given by (4.5), often satishes 
that J °° V'/( s ) ds = 0, according to Lemma 4.5. 

Example Consider the case where ip(t) = t a e~ xt for a G (— §,00) and A > 0. For 

£ — » 0, ip(t) ~ £ Q , and hence R x (t) ~ (j Q /2)£ 2a+1 for £ -> and a G (-|, §), by Proposi- 
tion 4.6(iii) (compare with Barndorff-Nielsen e£ al. [2]). 
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Note that if X = ip * Z is a moving average, as above, then by Proposition 4.6(i) 
and for t -> oo, R x (t) - c\t~ a with a G (0,1), provided that ip{t) ~ c 2 t" (Q+1)/2 and 
\ip{t)\ < c 3 i- (a+1)/2 . This shows that X has Ion g-range dependence of order a. 

Let us conclude this section with a short discussion of when an MA X = ip * Z is a semi- 
martingale. It is often very important that the process of interest is a semimartingale, 
especially in finance, where the semimartingale property of the asset price is equivalent 
to the property that the capital process depends continuously on the chosen strategy; see 
Section 8.1.1 in Cont and Tankov [16]. In the case where Z is a Brownian motion, Theo- 
rem 6.5, in Knight [22] shows that X is an T z semimartingale if and only if ip is absolutely 
continuous on [0, oo) with a square-integrable density. (Here T% := <j(Z s : s G (— oo,t}).) 
For a further study of the semimartingale property of PMA and more general processes, 
see [7, 8, 10] in the Gaussian case, and Basse and Pedersen [9] for the infinitely divisible 
case. 

4-3.2. QOU processes with PMA noise 

Let us return to the case of a QOU process driven by a PMA. Let Z be a centered 
Levy process, /:R — > R be a measurable function that is on (— oo,0) and satisfies 
/(* - ') - /(— ) e £ for all t € R and N be given by 

N t = [ [f(t - s) - /(-«)] dZ s , t G R. (4.9) 

JR 

First, we will consider the relationship between the behavior of the kernel of the noise TV 
and that of the kernel ipf of the corresponding moving average X. 

Proposition 4.9. Let N be given by (4-9), and X be a QOU process driven by N with 
parameter A > 0. 

(i) Let a G (— 1, — h) and assume that, for some c^O, / is continuous differ •entiable 
in a neighborhood of oo with f'(t) ~ ct a for t — > oo. Then, for t —¥ oo, we have Kx(t) ~ 
(£^s.)f2«+i ; prov ided \f{t)\ < rt a for all t > and some r > 0. 

(ii) Let a G (—5, 5) an d /CO ~ C ^ Q / or i ~ ^ 0. Then, for t — > 0, we /iawe Rx(i) ~ 
(c 2 j Q /2)|£| 2a+1 ; provided f is two times continuous differ entiable in a neighborhood of 
00 with f"(t) = 0(i" -1 ) for t — > 00, and that f is absolutely continuous on (0,oo) with 
a density f satisfying sup te ( 0it \ \ f'(t)\t 1 ~ a < 00 for all to > 0. 

Proof, (i) Choose j3 > such that / is continuous differentiable on [3, 00). By partial 
integration, we have for t > f3, 

i>f(t)=e- xt (e Xa f(a)-\ J* c Xs f( s )ds^j + C - Xt j\ Xs f'(s)ds, (4.10) 

showing that ipf(t) - (f )t a for t ->■ 00. Choose k > such that |^/(i)| < (2c/A)t a for all 
t > fc. By (4.5) we have that sup te [ fe ] |^/(i)t _a | < 00, since sup te [ fe ] \f(t)t~ a \ < 00, and 
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hence there exists a constant c\ > such that \ipf(t)\ < c\t a for all t > 0. Therefore, (i) 
follows by Proposition 4.6(i). 

(ii) Choose (3 > such that / is two times continuous differcntiable on [/3,oo). By 
(4.10) and partial integration we have for t > f3 and t — > oo, 



- \i> f (t) = f\t) Ae- At J* e Xs f'(s) ds + 0(e" At ) 
c Xs f"{s) ds + 0{c- xt ) = O^ 1 ), 





where we in the last equality have used that f"(t) = 0(t Q_1 ) for t — > oo. Using that 
W f (t)\ < \f'(t)\ + A|V/(*)I and sup te(tUo) |/'(i)i 1_Q: j < oo for all t > 0, it follows that 
there exists a C2 > such that IV'/WI < cit Q_1 for all t > 0. Moreover, for t — > 0, we have 
that ipf(t) ~ ct a . Hence, (ii) follows by Proposition 4.6(iii). □ 

Now consider the following set-up: Let Z = (Z t )t£m be a centered and square-intcgrable 
Levy process, and for H £ (0, 1), ro ^ 0, S > 0, let 

f(t)=r (5Wt) H - 1 / 2 and N t H < 5 = [ [f(t - s) - /(-«)] dZ s . (4.11) 



Note that when 5 = and Z is a Brownian motion, TV^'" 5 is a constant times the fBm of 
index H, and when 6 > 0, 7V ff,<5 is a semimartingale. We have the following corollary to 
Proposition 4.9. 

Corollary 4.10. Let N H - 5 be given by (4.11), and let X H < 6 be a QOU process driven by 
N H ' S with parameter A > 0. Then, for H £ (^, 1) and t — > oo, 

R x h,s (t) ~ (r 2 k H _ 3/2 (H - l/2)/X 2 )t 2H - 2 , S > 0, 

and for H £ (0, 1) and t — > 0, 

f> m ((r'S^mi 5>0, 

Proof. For H £ (±,1), let [3 = 8. Then / £ C* 1 ((/3, oo); R) and, for i > /3, /'(£) = ct a , 
where a = ff- 3/2 e (-1,-5) and c = r(H- 1/2). Moreover, |/(t)| <rcft Q . Thus, Propo- 
sition 4.9(i) shows that R X H, s (t) ~ (c 2 fc Q /A 2 )t 2Q+1 = (r 2 (# - l/2) 2 k H _ 3/2 / \ 2 )t 2H - 2 . 
To show (4.12) assume that H £ (0, 1). For t — )• 0, we have /(t) ~ ct Q , where c = ro 
and a = iJ — 1/2 e (— i i) when <5 = 0, and c = r <5 ff_1 / 2 and a = when (5 > 0. 
For /3 = <5, / e C 2 ((/3,oo);R) with /"(f) = r (F - 1/2)(H - 3/2)t H - 5 / 2 , showing that 
f"{t) = 0(t Q_1 ) for t ->• 00 (both for <5 > and <5 = 0). Moreover, / is absolutely con- 
tinuous on (0,oo) with density f'(t) = r Q (H - l/2)t H ~ 3 / 2 hs,ao)(t)- This shows that 
sup te(0 to) \f'{t)t 1 - a \ < 00 for all t > (both for 5 > and 6 = 0). Hence (4.12) fol- 
lows by Proposition 4.9(h). □ 
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4.4. Stability of the autocovariance function 

Let iVbea PMA of the form (4.1), where Z is a centered square-integrable Levy process, 
and f(t) = cnt 1 ^ 1 ^ 2 , where H £ (0, 1). (Recall that if Z is a Brownian motion, then TV 
is an fBm of index H .) Let X be a QOU process driven by N with parameter A > 0, and 
recall that by Proposition 4.2, X is an MA of the form 

X t = f Tp H (t-s)dZ s , teR, 

J — oo 

where 

Vtt(t) = c ff (V- 2 / 2 - Ac" A * jf* e^- 1 / 2 duY f > 0. 

Below we will discus some stability properties for the autocovariance function under 
minor modification of the kernel function. 

For all bounded measurable functions /:K+ — >• R with compact support, let x{ = 
/-ooOM* - s ) - /(* - a))dZ s . We will think of X* as an MA where we have made 
a minor change of X's kernel. Note that if we let Y/ = X t — x{ = J_ f(t — s) dZ s , then 
the autocovariance function R Y / (t) , of Y' , is zero whenever t is large enough due to the 
fact that / has compact support. 

Corollary 4.11. We have the following two situations in which C\, 02,03 ^ are non- 
zero constants. 

(i) For H G (0, ^) and J °° f(s) ds ^ 0, we have for t —> oo, 

R X f (*) ~ c 2 R x [t)t l / 2 - H ~ Cl t H ^ 2 . 

(ii) For H G (i 1), we have for t — > 00, 

Rxf(t)~Rx(t)~c 3 t 2H ~ 2 . 

Thus for H G (0, |), the above shows that the behavior of the autocovariance function 
at infinity is changed dramatically by making a minor change of the kernel. In particular, 
if / is a positive function, not the zero function, then R X f(t) behaves as t 1 / 2 ~ H Hx(t) at 
infinity. On the other hand, when H G (5, 1), the behavior of the autocovariance function 
at infinity docs not change if we make a minor change to the kernel. That is, in this 
case the autocovariance function has a stability property, contrary to the case where 

ffe(o,i). 

Remark 1^.12. Note that the dramatic effect appearing from Corollary 4.11(i) is asso- 
ciated with the fact that J Q iPh(s) ds = 0, as shown in Lemma 4.5. 
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Proof of Corollary 4.11. By Corollary 4.3 we have for t — > oo that ipH{t) ~ ct a , 
where c = ch(H — l/2)/A and a = H — 3/2. To show (i), assume that H G (0, |) and 
hence a G (— oo,— 1). According to Lemma 4.5, we have that ^Ph(s) ds = and 
hence f^°[tpH(s) — /(«)] ds 7^ 0, since J ° o /(s)ds^0 by assumption. From Proposi- 
tion 4.6(h) and for f — > 00, wc have that R X f(t)(t) ~ cii 2a+1 = cii ff ~ 3 / 2 , where ci = 
c J °° [V'ff (s) — /(s)] ds. On the other hand, by Corollary 2.6 we have that Rx(t) ~ (H(H — 
l/2)/\ 2 )t 2H - 2 for t -)■ ex), and hence we have shown (i) with c 2 = c 1 X 2 /(H(H - 1/2). For 
G (5, 1) we have that a G (—1, —5), and hence (ii) follows by Proposition 4.6(i). □ 



Appendix 

In this Appendix we will show an auxiliary continuity result used several times in the 
paper. The main result in this Appendix is Theorem A.l; Corollary A. 3 is used in The- 
orem 2.1, while the general modular setting is needed to prove Proposition 4.2. For the 
basic definitions and properties of linear metric spaces, modulars and -F-norms, we refer 
to Rolewicz [32]. 

Let (E,£,fi) be a er-finite measure space, and </>:R— >R + an even and continuous 
function that is non-decreasing on R + , with 0(0) = 0. Assume there exists a constant 
C > such that cj)(2x) < C<j)(x) for all x G R (that is, </> satisfies the A 2 condition). Let 
L° = L°(E,£,/j,) denote the space of all measurable functions from E into K; <£> denote 
the modular on L° given by 



and Lfi = {g 6 L° : $(3) < 00} denote the corresponding modular space. Furthermore, 
for g G L°, define 

p(g) = inf {c> 0: $(g/c)<c} and || 5 || = inf {c> 0: $(g/c) < 1}. 

Then p is an F-norm on and, in particular, d < j ) (f,g) = p(f — g) is an invariant metric 
on . Moreover, when <f> is convex, the Luxemburg norm \\ ■ ||^ is a norm on sec 
Khamsi [21]. 

Theorem A.l. Let f :lx E —tM. denote a measurable function satisfying f t = f(t, ■) G 
L^ for all t G R, ana 



Then, (t G R) 1— > (ft G L^) is continuous. Moreover, if <p is convex, then there exist a,f3> 
such that \\f t \\^ < a + 0\t\ for all tel. 





d<f,(ft+u ,fv+u) — d<p(ft, f v ) 



for all t, u, v G R. 



(A.l) 



To prove Theorem A.l, we shall need the following lemma. 
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Lemma A. 2. Let / :lx£->I denote a measurable function, such that f t G for all 
t G R. Then, (t G R) t-> (/< G L^) is Borel measurable and has a separable range. 

Recall that / :E — > F has a separable range, if /(£7) is a separable subset of F. 

Proof of Lemma A. 2. We will use a monotone class lemma argument to prove this 
result, so let M2 be the set of all functions / for which Lemma A. 2 holds and M.\ be 
the set of all functions / of the form 

n 

ft (s) = oa l Ai (t)l Bi (s), t G R, s G E, 

i=l 

where, for n > 1, Ai,...,A n are measurable subsets of R, Bi,...,B n are measurable 
subsets of E of finite /x measure and ot\,. . .,a n G R. Let us show that tyf : (t G R) h-> 
(/t G L^) is measurable. Since, for all g G L^, 1 1-> d < f ) (f t ,g) is measurable, we get that 
for all g G L^ and r > 0, ^fj (B(g, r)) is measurable (we use the notation, B(g,r) = 
{h G L>: ^(fif, h) < r}). Therefore, since has separable range, it follows that is 
measurable (recall that the Borel <7-ficld in a separable metric space is generated by the 
open balls). This shows that Mi C M.2- Note that the set hM.2 of bounded elements 
from M.2 is a vector space with 1 G byVl2, and that (/„)„> i C bA-^2 with < /„ \ f <K 
implies that / G hM2- Moreover, since Mi is stable under pointwise multiplication, the 
monotone class lemma (see [31], Chapter II, Theorem 3.2) shows that 

bM(S(R) x F) = bM(tr(Mi)) C bM 2 - 

(For a family of functions M , a(M) denotes the least er-algebra for which all the functions 
are measurable, and for each a-algebra £ , bM(£ ) denotes the space of all bounded £- 
measurable functions.) For a general function /, define f^ by ft = ft^{\f t \< n }- F° r 
all n> 1, / (n) is a bounded measurable function and hence ^/(n) is a measurable map 
with a separable range. Moreover, lim„'I'y(„) pointwise in L 1 ^, showing that is 

measurable and has a separable range. □ 

Proof of Theorem A.l. Let ^/ denote the map (t £ R) 4 (f t G L^), and for fixed 
e > and arbitrary t G R, consider the ball f? t = {s G R: d<f,(ft,f s ) < e}- By Lemma A. 2, 
is measurable, and hence i?t is a measurable subset of R for all t G R. Accord- 
ing to Lemma A. 2, ^>f has a separable range and, therefore, there exists a countable 
set (i„)„>i Cl such that the range of is included in {J n>1 B(f tll ,e), implying that 
R = Un>i • I n particular, there exists an n > 1 such that 5{ n has a strictly positive 
Lebesgue measure. By the Steinhaus lemma, see [12], Theorem 1.1.1, there exists a 5 > 
such that (—5,5) C B fn — i? tn . Note that by (A.l) it is enough to show continuity of tyf 
at t = 0. For \t\ < 5 there exists, by definition, si,S2 G R such that d<f,(ft n , f Si ) < e for 
i = 1,2, showing that 



d^(ftJo)<d <p {f t ,fs 1 ) + d^ft ,/.„)< 2e, 
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which completes the proof of the continuity part. 

To show the last part of the theorem, assume that <j> is convex. For each t > choose 
n = 0, 1, 2, . . . such that n < t < n + 1. Then, 

n 

ii/ t -/oiu<x;ii/<-/«-iii*+ii/*-^iu 

(A.2) 

< n\\h - foh + \\ft-n - foh <tP + a, 

where /3 = ||/i — /o||^ and a = sup se r 01 i ||/ s — JolU- We have already shown that t 1-> f t 
is continuous, and hence a < oo. Since ||/_ f — ./olU = \\ft — /olU f° r an (A-2) 
shows that \\f t — fo\\<f> < a + (3\t\ for all iel, implying that H/tH^ < a + /3\t\, where 
a = o+||/ |U. □ 

For (E,S,fx) = (0, T,P) and <f>(t) = \t\P for p > or 0(t) = |t| A 1 for p = 0, we have 
the following corollary to Theorem A.l. 

Corollary A. 3. Let p > and A = (A t ) te a 6e a measurable process with stationary 
increments and finite p moments. Then X is continuous in L p . Moreover, ifp> 1, then 
there exist a,/3 > such that ||A t || p < a + (3\t\ for all t G R. 

Note that in Corollary A. 3 the reversed implication is also true; in fact, all stochastic 
processes X = (A t ) t£ R that are continuous in L° have a measurable modification ac- 
cording to Theorem 2 in Cohn [15]. The idea of using the Steinhaus lemma to prove 
Theorem A.l is borrowed from Surgailis et al. [38], where Corollary A. 3 is shown for 
p = 0. Furthermore, when [i is a probability measure and <f>(t) = \t\ A 1, Lemma A.2 is 
known from Cohn [15]. 



References 

[1] Barndorff-Nielsen, O.E. (2001). Superposition of Ornstein-Uhlenbeck type processes. 

Theory Probab. Appl. 46 175-194. 
[2] Barndorff-Nielsen, O.E., Corcuera, J.M. and Podolskij, M. (2011). Multipower 

variation for Brownian semistationary processes. Bernoulli. To appear. Available at 

http : // ssrn. com/abstract=1411030. 
[3] Barndorff-Nielsen, O.E. and Shephard, N. (2001). Non-Gaussian Ornstein- 

Uhlenbeck-based models and some of their uses in financial economics. J. 7?. Stat. 

Soc. Ser. B Stat. Methodol. 63 167-241. MR1841412 
[4] Barndorff-Nielsen, O.E. and Shephard, N. (2011). Financial Volatility m Continuous 

Time. Cambridge: Cambridge Univ. Press. To appear. 
[5] Barndorff-Nielsen, O.E. and Shiryaev, A.N. (2010). Change of Time and Change of 

Measure. Singapore: World Scientific. To appear. 
[6] Barndorff-Nielsen, O.E. and Stelzer, R. (2011). Multivariate supOU processes. Ann. 

Appl. Probab. 21 140-182. 



Quasi Ornstein-Uhlenbeck processes 



941 



[7] Basse, A. (2008). Gaussian moving averages and semimartingales. Electron. J. Probab. 13 
1140-1165. MR2424990 

[8] Basse, A. (2009). Spectral representation of Gaussian semimartingales. J. Theoret. Probab. 

22 811-826. MR2558652 
[9] Basse, A. and Pedersen, J. (2009). Levy driven moving averages and semimartingales. 
Stochastic Process. Appl. 119 2970-2991. MR2554035 

[10] Basse-O'Connor, A. (2010). Representation of Gaussian semimartingales with applica- 
tions to the covariance function. Stochastics 82 381-401. MR2739604 

[11] Biagini, F., Hu, Y., 0KSENDAL, B. and Zhang, T. (2008). Stochastic Calculus for Frac- 
tional Brownian Motion and Applications. London: Springer. MR2387368 

[12] Bingham, N.H., Goldie, C.M. and Teugels, J.L. (1989). Regular Variation. Encyclo- 
pedia of Mathematics and Its Applications 27. Cambridge: Cambridge Univ. Press. 
MR1015093 

[13] Carr, P., Geman, H., Madan, D.B. and Yor, M. (2003). Stochastic volatility for Levy 

processes. Math. Finance 13 345-382. MR1995283 
[14] Cheridito, P., Kawaguchi, H. and Maejima, M. (2003). Fractional Ornstein-Uhlenbeck 

processes. Electron. J. Probab. 8 1-14 (electronic). MR1961165 
[15] Cohn, D.L. (1972). Measurable choice of limit points and the existence of separable and 

measurable processes. Z. Wahrsch. Verw. Gebiete 22 161-165. MR0305444 
[16] Cont, R. and Tankov, P. (2004). Financial Modelling with Jump Processes. Boca Raton, 

FL: Chapman & Hall/CRC. MR2042661 
[17] DOOB, J.L. (1990). Stochastic Processes. New York: Wiley. MR1038526 
[18] Doukhan, P., Oppenheim, G. and Taqqu, M.S., eds. (2003). Theory and Applications of 

Long-Range Dependence. Boston, MA: Birkhauser. MR1956041 
[19] Ikeda, N. and Watanabe, S. (1981). Stochastic Differential Equations and Diffu- 
sion Processes. North-Holland Mathematical Library 24. Amsterdam: North-Holland. 

MR0637061 

[20] Karhunen, K. (1950). Uber die Struktur stationarer zufalliger Funktionen. Ark. Mat. 1 
141-160. MR0034557 

[21] Khamsi, M.A. (1996). A convexity property in modular function spaces. Math. Japon. 44 
269-279. MR1416264 

[22] Knight, F.B. (1992). Foundations of the Prediction Process. Oxford Studies in Probability 
1. New York: Oxford Univ. Press. MR1 168699 

[23] Maejima, M. and Yamamoto, K. (2003). Long-memory stable Ornstein-Uhlenbeck pro- 
cesses. Electron. J. Probab. 8 1-18 (electronic). MR2041820 

[24] MARCUS, M.B. and Rosinski, J. (2001). L 1 -norms of infinitely divisible random vec- 
tors and certain stochastic integrals. Electron. Commun. Probab. 6 15-29 (electronic). 
MR1817886 

[25] Marquardt, T. (2006). Fractional Levy processes with an application to long memory 

moving average processes. Bernoulli 12 1099-1126. MR2274856 
[26] Musielak, J. (1983). Orlicz Spaces and Modular Spaces. Lecture Notes in Math. 1034. 

Berlin: Springer. MR0724434 
[27] Nualart, D. (2006). Fractional Brownian motion: Stochastic calculus and applications. 

In International Congress of Mathematicians III 1541-1562. Zurich: Eur. Math. Soc. 

MR2275741 

[28] Perez-Abreu, V. and Rocha-Arteaga, A. (1997). On stable processes of bounded vari- 
ation. Statist. Probab. Lett. 33 69-77. MR1451131 



942 



O.E. Barndorff-Nielsen and A. Basse- O'Connor 



[29] Protter, P.E. (2004). Stochastic Integration and Differential Equations, 2nd ed. Applica- 
tions of Mathematics (New York) 21. Berlin: Springer. MR2020294 

[30] Rajput, B.S. and Rosinski, J. (1989). Spectral representations of infinitely divisible pro- 
cesses. Probab. Theory Related Fields 82 451-487. MR1001524 

[31] Rogers, L.C.G. and Williams, D. (2000). Diffusions, Markov Processes, and Martingales. 
Vol. 1. Foundations. Cambridge: Cambridge Univ. Press. MR1796539 

[32] Rolewicz, S. (1985). Metric Linear Spaces, 2nd ed. Mathematics and Its Applications 
(East European Series) 20. Dordrecht: D. Reidel Publishing Co. MR0808176 

[33] Rosinski, J. (1986). On stochastic integral representation of stable processes with sample 
paths in Banach spaces. J. Multivariate Anal. 20 277-302. MR0866076 

[34] Rosinski, J. (2007). Spectral representation of infinitely divisible processes and injectiv- 
ity of the T-transformation. In 5th International Conference on Levy Processes: The- 
ory and Applications, Copenhagen 2007. Available at http://www.math.ku.dk/english/ 
research / conferences/levy2007/presentations / JanRosinski.pdf. 

[35] Samorodnitsky, G. and Taqqu, M.S. (1994). Stable Non-Gaussian Random Processes: 
Stochastic Models with Infinite Variance. New York: Chapman & Hall. MR1280932 

[36] Sato, K. and Yamazato, M. (1983). Stationary processes of Ornstein-Uhlenbeck type. In 
Probability Theory and Mathematical Statistics (Tbilisi, 1982). Lecture Notes in Math. 
1021 541-551. Berlin: Springer. MR0736019 

[37] Shao, Y. (1995). The fractional Ornstein-Uhlenbeck process as a representation of homo- 
geneous Eulerian velocity turbulence. Phys. D 83 461-477. MR1334532 

[38] Surgailis, D., Rosinski, J., Mandekar, V. and Cambanis, S. (1998). On the mixing 
structure of stationary increments and self-similar SaS processes. Preprint. 

[39] Wolfe, S.J. (1982). On a continuous analogue of the stochastic difference equation X n = 
pX n -i +B n . Stochastic Process. Appl. 12 301-312. MR0656279 

Received December 2009 and revised June 2010 



